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Abstract 



Self-energies of a minimally coupled scalar field with quartic and trilinear inter- 
actions are calculated in a de Sitter background, using a position space propagator. 
For quartic interactions, we recover earlier results for the seagull diagram, namely 
that it contributes an effective mass for the scalar field at leading order in the in- 
frared enhancement in a steady-state de Sitter background. We further show that 
J> \ the sunset diagram also contributes to this effective mass and argue that these two 

contributions are sufficient in order to determine a self-consistent dynamical mass. 
In addition, trilinear interactions also induce a dynamical mass for the scalar field 
which we calculate. Since an interacting scalar field in de Sitter acquires a dynam- 
ize \ ical mass through these loop corrections, the infrared divergences of the two-point 
■ correlator are naturally self-regulated. 



1 Introduction 

It is well known that in de Sitter space, there is no propagator for a massless minimally 
coupled scalar field, which is of Hadamard form and that exhibits all ten space-time 
symmetr.es 01 at the same time. The origin of this problem can be understood when 
constructing the propagator as an integral of free field modes. The integration over 
momentum space then leads to an infrared (IR) divergence. For this reason, one often 
refers to this issue as the IR problem of de Sitter space. (Cf. Ref. Q, where this and 
other matters are reviewed.) Under certain circumstances, this may lead to problems for 
models of the inflationary stage of cosmic expansion, where the space-time is approxi- 
mately de Sitter. A plausible and pragmatic solution for the propagator during inflation 
relies on the assumption that inflation begins a finite number of e-folds N D before it 
terminates. Then one may use a propagator that breaks de Sitter symmetry through an 
IR-enhanced term proportional to the logarithm of the scale factor or, equivalently, to 
the number of e-folds since the onset of inflation. This growing IR-term can be identified 
with the accumulation of superhorizon modes. 



The circumstances when the solution with the growing, de Sitter breaking propagator 
are no longer satisfactory are when N e grows so large that the IR enhanced term in 
the propagator leads to a breakdown of perturbation theory in loop diagrams. The 
IR problem is therefore generic for models of inflation that assume a large number of 
e-foldings or even an infinite number, such as eternal inflation. 

It is very plausible however that the IR problem is self-regulatory: A growing IR term 
for a scalar field <f>{x) leads to a growing, dynamical mass md yn from the self-energy, which 
in turn limits the IR-enhanced term. To our knowledge, the viability of this idea has been 
demonstrated for a 4 theory using three different approaches: stochastic inflation 
Schwinger- Dyson equations p] and the functional renormalisation group Q. All these 
works agree on the result for the self-regulating, dynamical mass md yn that arises from 
the seagull diagram. A related approach has been developed for Euclidean de Sitter 
space, which is compact and therefore the IR divergence can be isolated in the discrete 
zero mode jsj]. In the present work, we demonstrate that such an IR self-regularization 
does take place for scalar fields with trilinear and quartic interactions, and that for 
quartic interactions both the seagull and the sunset diagrams contribute to m dyn and are 
sufficient to determine it. 

The technical device we use to obtain our results is based on the Schwinger- Dyson 
equations in the Closed Time Path (CTP) formalism in a de Sitter background, which 
we introduce in Section [2J While these concepts are well known, we feel that their 
reiteration is necessary here in order to introduce the notations and conventions that 
are used in what follows. The first application, discussed in Section [31 is the seagull 
diagram of </> 4 theory for which we reproduce the existing result jll-0]; namely that the 
diagram generates a dynamical mass md yn whose value we determine through a simple 
self-consistency relation arising from the Schwinger- Dyson equations. Technically, the 
present approach differs from the one of Ref. [6| in that we use an expansion of the 
scalar propagator in powers of m 2 dyn / H 2 that starts at order minus one, and that has 
been developed in Ref. {of. Using this propagator, we avoid appealing to stochastic 
arguments and the Fokker-Planck equation for the calculation of the IR-enhancement 
effects as it is done in Ref. j^j. We note here, that the seagull correction is particularly 
simple, because it involves just one vertex, such that its effects are manifestly local and 
there are no memory integrals. 

This simplification does not apply for trilinear interactions, discussed in SectionHJ and 
for which the self energy is non-local. However, we observe that the leading (negative 
order) contribution in m^^/H 2 to the convolution integral between self energy and 
propagator appearing in the Schwinger-Dyson equations, is proportional to the retarded 
Green function of the covariant d'Alembertian operator. Acting with the d'Alembertian 
on the Schwinger-Dyson equations from the left yields local equations. This requires 
however the use of the ansatz of a free field with constant mass md yn for the scalar field 
4>(x). The effectively local form is therefore only valid in time-independent situations, 
when the IR contribution is not evolving. Otherwise, the convolution integrals, which are 
sometimes referred to as memory integrals, cannot be simplified by this method. The 
main result of Section H] is a self-consistency relation determining m^ yri for <p 3 theory. 
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We note that in order to determine the effective dynamical mass of spin- 1 ; fermions in 
de Sitter space, a similar method as presented in Section H] has been applied before in 
Ref . [lO . 

In Section \5\ we return to a <f) A interaction and consider the 2-loop sunset diagram. 
Since two of the internal lines in the retarded self energy can be IR enhanced, the 
methods discussed for the trilinear interactions in the previous section can be applied 
here straightforwardly. Because of the simultaneous IR enhancement of two propagators, 
it turns out that the suppression due to the additional vertex is compensated when 
compared to the seagull diagram of section [3J Therefore, both corrections need to be 
included in the self-consistency relation that determines md yn for 4 theory and this is 
one of the main results of Section [5) Besides, we argue that diagrams at higher loop order 
only lead to subdominant contributions to md y „ at leading order in the IR enhancement. 
Section [6] is left for additional comments and conclusions. 

Before closing the Introduction, we should note that the complete expressions for 
the self-energies in 4 theory are given in Refs. llNl3|. In the present work, we do not 
give such a complete account of all terms to second order in the vertices of the self- 
energy, but we only extract the leading contributions in m| yn /if 2 , which are of negative 
order and therefore IR enhanced. Taking account of these corrections, we show that 
there are self-consistent, de Sitter invariant equations for linear perturbations and for 
the propagators, that determine rri^ yQ . In this sense, Refs. llMl3l| and the present work 
are complementary. 



Scalar Propagator in de Sitter Space and the CTP 
Formalism 



The models we consider are defined through the action 



S 



d x C 



where the Lagrangian is given by 



(1) 



C 



c 



int 



SC. 



(2) 



The first term is the Lagrangian for a free, massive minimally coupled scalar field 4>(x). 
Throughout the present work, we assume that <fi is light, by which we imply the relation 
m ^ H, where H is the Hubble expansion rate. For loop corrections, this will lead to 
IR-enhanced terms ~ H 2 /m 2 or ~ H 2 /m 2 lyn , where m^ yn is a dynamically generated 
mass that we require to satisfy m& yn <C H as well. Interaction terms are encompassed 
within £ int . These give rise to ultraviolet (UV) divergences, which are renormalised by 
local counterterms that are contained in SC. In the present work, we are interested in the 
effects of IR enhancements ~ H 2 /m 2 or ~ H 2 /m\ yri . Radiative corrections proportional 
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to these enhancement factors turn out to be UV finite at leading order. We therefore 
omit a discussion of the UV divergences in the present context, leave the form of 5C un- 
specified, and refer to Refs. (9-14| for detailed account of the concepts and technicalities 
of renormalisation in de Sitter background. 

We use conformal coordinates x M with the metric tensor 

gtw = a 2 Vvv = a 2 diag(l, -1, -1, -1) . 

The conformal time is given by rj = x°, and for de Sitter space, the scale factor is 
a = —jjz and r\ G [— oo;0]. By defining Ai 2 (i; x') = x^ u x' u , the de Sitter invariant 
length function is 



y(x;x') = a{r])a{rj')H 2 Ax 2 = —4 sin 2 I -H£(x;x' 



(3) 



where we have indicated its relation with the geodesic distance £(x; x 1 ). 
The free-field equation of motion obtained from the Lagrangian ([2]) is 



a 4 (-V 2 -m 2 )0(x) 
„ d 2 



(4) 



— a 



drf 



{x) - 2a 



da\ d 



dr] J drj 



x) + gTV^O) - arm l (j){x) = 



and the equation for the free scalar propagator iA(°) (x; x') is 

a 4 (-V 2 - m 2 )iA^ f9 (x; x') = fg6 f9 id\x - x 1 ) 



(5) 



where V XA1 is the covariant derivative with respect to x. We define z = 1 + | and 
{fi 9} — {+! ~~ } are the CTP indices. Because of the de Sitter invariance, it is possible to 
express a 4 V 2 as an operator of z and derivatives with respect to z only (or, alternatively, 
y). One finds that 



a 4 H 2 



z(l 



d 2 A ,l N d 
z)— + 4(- - z 



dz* 



dz 



m 
IP 



x: x 



fg8 f9 i5 A (x - x') 



(6) 



The exact solution of this equation can be given in terms of a hypergeometric function. 
For the present purpose, we expand in y and m 2 /H 2 and find [9| 



iA^ f9 {x,x') 



Hi 

4^2 



-r^-^g(-y /9 ) + ^-i + l°g2 + 0(^-H , (7) 



3H 



,fg 



2m 



m 



H 2 



where y? 9 = a{ji)a(ri')H 2 Ax^ 9 " 2 . The term ~ H 2 /m 2 within the curly brackets is the 
IR-enhancement factor. For comparison, the corresponding expression for a massless 
field is [J 3 



iA fg 



m=0 



(x, x) 



H 2 
4^ 



- ~ \og(-y f9 ) + £ log(a(i7)a(r/')) - 7 + log 2 



,f 9 
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The desired behaviour at the coincident point x = x' arises from the definitions 

Ax ++ \x; x') ={\r) - rf\ - is) 2 - |x - x'| 2 , (9) 

Ax + ~ 2 (x; x ) =(r] -r)' + lef - |x - x'| 2 , (10) 

Ax~ +2 (x; x) =(t] -rf- lef - |x - x'| 2 , (11) 

Ax~~ 2 (x; x) =(\t] - n'\ + is) 2 - |x - x'| 2 . (12) 

For a two-point function G(x; x') [in the present work, this can either be a free 
propagator A^(x; x f ), a full propagator A (a;; x') or the self-energy Ii{x] x')], we identify 
the Wightman-type functions 

G < (x;x') = G + ~{x;x'), G> (x; x') = G~ + (x; x') , (13) 

and the time-ordered and anti-time ordered functions 

G T {x;x') = G ++ {x;x'), G T (x; x) = G (x; x) . (14) 

Moreover, we note that these can be combined to obtain the advanced and the retarded 
two-point functions as 

G A = G T — G > = G < — G f , (15a) 

G R = G T -G< = G> -G f . (15b) 

Applying these relations to the retarded and advanced propagators A^ R ' A , it is interest- 
ing to note that these do not exhibit the IR-enhancement and will depend on the mass 
only at the order m 2 /H 2 , which is beyond the scope of the approximations made within 
the present work. 

The proper self-energy can be defined as 

n a W) = w [A] ^ ( 16 ) 

v ' 5A ba (x'; x) K ' 

where is — i times the sum of all two particle-irreducible (2PI) vacuum diagrams with 
full propagators A as internal lines. The Schwinger-Dyson equations are 

a 4 (-V 2 - m 2 )iA ab (x; x') + ic J d A w iU ac (x; w)iA cb (w; x') = 5 ab i5\x - x') . (17) 

Note that these are generically non-linear, because II is a functional of A. These equa- 
tions are formally exact and describe the full real-time evolution of the quantum system, 
but due to their non-linearity approximations are needed in practice. Within the present 
work, we seek for the main corrections in terms of the IR enhancement factor H 2 /m 2 or 
H 2 /m 2 Ayn . Useful insight into the dynamics may also be gained form an effective equation 
of motion for the one-point function 

a 4 (-V 2 - m 2 )0(x) - J rfV Tl R (x; x')(j){x') = , (18) 

that can be used to obtain the response of the system to a small classical perturbation 
in the field <f>(x). 
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(A) (B) (C) 



Figure 1: (A): Seagull diagram, (B): seagull contribution to the self-energy, (C): 
daisies/ super-daisies 

3 Quartic Coupling: The Seagull Diagram 

In this Section, we consider the quartic self-interaction 

C int = -V=~g^ A . (19) 

The seagull contribution to the self energy is [cf. Figured] (B), where the propagator iA 
is understood to be dressed] 

n /9 (x,x') = ^y/-g(v)S f9 5 4 (x - x')iA f9 (x; x') . (20) 



This self energy is diagonal on the CTP, and therefore 

it 4 = n T - n> = n< - if = n T , (2ia) 
n R = n T -n< = n > -n f = n T . (21b) 

The UV divergences of iA(x;x') at the coincident point is cancelled by appropriate 
counterterms in SC. 

Let us now make the ansatz that the dressed propagator iA^ 9 (x;x') takes the form 
of the propagator for a free field with a mass m dyn to be determined. This means that 
iA^ 9 (x;x') satisfies 



Al V72 



V 2 - m 2 dyn )iA^(x; *') = fg^ 9 i5\x; x') , (22) 

implying in turn that A (a;; x') takes the form of Eq. (|7j) with m 2 replaced by rrij yI1 . This 
ansatz therefore accounts for the IR enhancement to its leading orders if 2 /m^ yn and 
(H 2 /m 2 iyQ )°. Effectively, we assume that the growing term log (a (77) a (7/)) in (jSJ) which 
leads to an IR divergence and a breakdown of perturbation theory when used in loop 
diagrams, can be resummed into a mass term. Within the present approximation, this 
means that we can use 

n T = n R = v^A 3 f \ 5\x - x') , (23) 
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as the appropriate approximation in order to extract the leading effects of the IR en- 
hancements. Since this self energy is manifestly local and moreover diagonal on the CTP 
[cf. Eq. Q20p ]. the Schwinger-Dyson equations take a very simple form, namely 

a\-Vl - m 2 )iA ab (x; x') - v^A 3 f\ iA ab (x; x') = 5 ab i5\x - x') . (24) 

16vr 2 m 2 dyn 

Taking this point of view and using fl22|) . we obtain for m 2 



such that 



dyn 

m dyn = m 2 + A 3 f*" 2 , (25) 



m 2 /m 4 , 3H 4 

<» = T + V- + A l6^' (26) 



For m — > 0, this reduces to 

^3A 
Air 

in agreement with Refs. [5j-0]- Note that the requirement m^ yn <C H is met provided 
A< 1. 

Turning our attention to the one-point function, we see that its effective equation 
of motion is consistent with the Schwinger-Dyson equation within our present approx- 
imations. Substituting Eq. fl23l) into the effective equation of motion ffl~8l) for 0, we 
obtain 

a\-W 2 x - m 2 )0(x) - v^A ifi 3 f 2 2 <j>(x) = . (28) 
This equation can be solved by using a plane wave ansatz 

i>(x) + <p(x) x O (- dyn 

'dyn 

from which we can directly deduce again Eqs. ( 1251 1271) . 

In closing this Section, we note that the solution of the Schwinger-Dyson equation 
including the seagull correction in terms of the dressed propagator effectively resums the 
daisy and superdaisy corrections in terms of the bare propagators, as it is indicated in 
Figure Q](C). Moreover, the Schwinger-Dyson equations resum all one-particle irreducible 
(1PI) contributions to the self-energies. Besides, one should expect that certain addi- 
tional hi ghe r-loop order diagrams contribute to a complete self-consistent determination 



(x) = + m x o ( ] (29) 



of mdyn 15] • When promoting <p(x) to a globally 0(iV)-symmetric field, these higher 
order diagrams are generically suppressed by powers of 1/N 0-0, HQ- In Section U 
we demonstrate however, that even without resorting to 1/N expansion, there is only 
one remaining diagram that contributes to md yn at leading order in the IR-enhancement, 
which is the sunset diagram. 
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(B) 



Figure 2: (A): Triscalar correction to the propagator, (B): triscalar self energy. 

4 Triscalar Coupling 

In order to distinguish better between the cause and the effect of the dynamical mass 
term, we first introduce an additional light minimally coupled scalar field x of mass m x , 
that couples to <f) through the interaction 



Ant = -v^y^x 2 



(30) 



Let us first look at the one-point function. The self energy of <j) is [cf. Figure [2] (B)] 

in'*(x; x') = hl^^n) V=^)iA^(x; x')iAf{x; x') . (31) 
The leading contribution in orders of m 2 / H 2 to the retarded self-energy is 



U R (x;x') = hl^^ v ^/) 



3H 4 



4ir 2 m 2 x 



M(x:x') + 



\H 2 



2\ 0- 



Note that the retarded propagator A^ is not identical to A R , but it deviates as 



(32) 



A* = A R + H 2 xoQ 



(33) 



To the level of our approximations, i.e. the expansion in m 2 /H 2 , we may use 

1 



iA R = — 

X 4?r 2 



y-\ 



-z log(z/++) + - log(y H 

y+- z z 



(34) 



The bar therefore indicates that it is accurate up to order (m 2 /H 2 ) . 

Substituting this into Eq. (jTSj) and using the methods employed e.g. in Ref. [9| does 
not lead to a local effective equation, however. We obtain 

a\-W 2 x - m 2 )0(x) - \h 2 x J^ja 4 / ^'v^M [A fi (x; x') + 0(m* )] cf>(x') = . 



(35) 



S 



The covariant d'Alembertian derivative acting on A^ is well defined, 

-a A V 2 x AJ(x; x') = 5\x - x') , (36) 

which implies that is the retarded Green function for — a 4 V 2 . When substituting 
the plane wave ansatz (I29p . we can perform the integral in Eq. ( 13 5 p by parts and obtain 

a\-Vl - m 2 )0(x) - \hl^Jr^{x) (37) 

r-i 



+ ^xt4-T° 4 I d A x'-^- [V 2 x O(rrl)] <P(x') = 
2 x Aix 2 m 2 x J m 2 dyn 



The last term originates from the approximation (1331) and it is subdominant compared to 
the second one by a factor of m^/H 2 , when assuming that m^/H 2 <C 1 and m\ ~ m 2 ,. 



The plane wave solution (12 9D therefore must satisfy 



< n = m2 + ^4^i' (38) 



Replacing the interaction Lagrangian ( 1301) by the cubic interaction 

.h 



£int = -V^^ 3 , (39) 

effectively leads to the replacements w? x = ■m.^yn an( ^ ^- We then obtain an 

equation for a self-consistent mass: 



m 6 dyn - m 2 m dyn - -h 2 ^ = 0. (40) 



l,o3# 4 

'dyn 

When m is negligibly small, this implies 

o \ 1/3 

h 2 ' z R^. (41) 



In order to meet the condition md yn *C -ff , we have to require here that /i <C H. 

An alternative way to derive these results is to act on Eq. (135]) with a 4 V^a~ 4 from 
the left. This approach is similar to the one pursued in Ref. 10] for Yukawa interactions. 
We obtain 

a\-V 2 x - m 2 )V 2 x <P(x) - a^-h 2 -^-^) = . (42) 



2 4ir 2 m 



Substituting again the plane-wave ansatz (|29|) leads to Eq. ([3] 

The above results for can also be obtained by considering the Schwinger- Dyson 
equations for the propagator. However, in contrast to the one-loop self energy from the 
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quartic coupling, the self energy from the triscalar coupling is non-local and we therefore 
need to modify the procedure for solving the Schwinger-Dyson equations. It is useful 
here to split these into the Kadanoff-Baym equations and equations for the retarded and 
advanced propagators as 

a 4 (-V^ -m 2 )iA < ' > (x;x / ) = -i J d 4 w iU R (x; w)iA<- > (w, x') (43a) 

d A w\U < > > {x\w)\k A (w,x') , 



a 4 ( 



-V 2 - m 2 )iA R ' A (x; x') =i<5 4 (x; x') - i J d 4 w iU R ' A (x; w)iA R ' A (w, x') . (43b) 

Due to the 5-function on the right-hand side, acting with the d'Alembertian on the 
equations for the retarded and advanced propagators does not lead to a useful simpli- 
fication. We recall from Section [2] however that the retarded and advanced propaga- 
tors do not contain information about the mass at the leading orders (m 2 /if 2 ) -1 and 
(m 2 /H 2 ) , such that we do not need these equations in order to determine the self- 
consistent mass m dyn - The Kadanoff-Baym equation (143bj) can be reduced to a local 



form when acting with the covariant d'Alembertian a 4 V 2 a -4 from the left. Note that 
V 2 a _4 n < ' > = h 2 H 6 x 0(1), such that this term is negligible compared to the leading 
self-energy correction V 2 ./ d 4 wH R (x, w) ~ h 2 H i /m 2 ljD when m dyn <C H. In analogy 
with Eq. (|42|) . we obtain 

a 4 (-V 2 . - m 2 )V 2 A < ' > (x; x') - a 4 -h 2 - ^\ A<'>(x; x') = . (44) 

2 47r 2 m 2 lyn 

Again, the plane wave ansatz (—V 2 — m 2 lyn )A <,> (x; x') = then leads to the self- 
consistency relations (|40| l4Tj) for m dyn . 

We emphasise that this local form holds only for the plane-wave ansatz with time- 
independent 77i 2 yn . In general, we expect that during the time when the IR terms are 
accumulating as \og(a(x)a(x')), the ansatz of a time-independent m dyn should not be 
valid and the memory integrals cannot be simplified to an effectively local form. 

In order to compare with the earlier works on the self-energies of photons [i[ and of 



chiral fermions [10(, which are conformally coupled particles, we conclude this Section by 
considering the situation when <fi is conformally coupled to the expanding background, 
which can be achieved by adding the term —^—gRcf 2 to the Lagrangian ((2]), where R 
is the Ricci scalar, which takes the value R = 12H 2 in de Sitter space. We again couple 
to a minimally coupled light (m x <^ H) field \ through the interaction (1301 ). 
The effective equation of motion then reads 



a 1 



-V 2 - m 2 - ~R)(j)(x) - J d 4 x' U R (x; x')<p(x) = , (45) 
with II as in Eqs. (|3T| |32|) . Acting with a 4 V 2 a -4 from the left, we obtain 

a 4 (-V 2 - m 2 - \R)Vl<P{x) - a 4 ~^^0(*) = . (46) 
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The plane-wave ansatz for a conformally coupled, massive field 



-VI - -„R 



<j>(x) 



m 



dyn 



(47) 



leads to 



(m 2 d - m 2 )(m 2 d + -R) 



6 



1 a _a^_ 

2 x 4vr 2 mr 



For m 2 <C m^ yn and mj jn <C if 2 , we find 



3# 2 



m dyn ^ 167r 2 m 2" 



(48) 



(49) 



Compared to the mass-square for the minimally coupled scalar field (|38|) with m — 0, 
the right hand side differs by a factor of m\^jH 2 . It is therefore interesting to compare 
this result with earlier ones obtained for conformally coupled fields interacting with a 
light, minimally coupled scalar. For a photon 7 coupled to a scalar field with charge e 
and mass m x , the mass-square is 

, 3e 2 # 4 



7T1. 



47r 2 m 2 ' 



(50) 



while for a pair of Weyl fermions ^l,_r with a Yukawa coupling / to a real scalar field of 



mass m. 



3/ 2 # 4 
87r 2 m 2 



(51) 



is found for the dynamical effective mass-square. Up to a replacement of a factor 
H 2 — >■ /i 2 , that takes place for dimensional reasons, the result (149!) for a conformally 
coupled scalar field fits well into one scheme with the earlier results for photons (150]) and 
fermions (|5"TT) . which are both conformally coupled as well, while Eq. (1381) for the mass 
square of the minimally coupled scalar field exhibits an interesting difference. 



5 Quartic Coupling: The Sunset Diagram 

The methods for finding the effective self-consistent mass for the cubic interaction can 
also be applied to evaluate the leading contribution to the sunset diagram of A0 4 in 
terms of an effective mass term. This is because the leading contribution to the re- 
tarded self-energy contains the IR-enhancement term to quadratic order and again, the 
retarded Green function of the covariant d'Alembertian as additional factor. Explicitly, 
the leading (~ 1/^dyn) contribution to the self-energy is [cf. Figure [3] (B)] 




m R (x;x') = ^-[ J 2 H 2 1 iA R (x;x') (52) 



dyn 
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(A) 



(B) 



(C) 



Figure 3: (A): Sunset diagram, (B): sunset contribution to the self-energy, (C): ladder 
diagram. 



and therefore, using the plane wave ansatz fl29|) 



A s 



ef x'rr (x; x')<j>(x') = —a 



3H 4 



in 2 m 2 yQ 



m 



-<t>{x) 



(53) 



dyn 



This contribution is to be combined with the one-loop result from Eq. (|28|) . what leads 
to the self-consistency relation 




3H 4 



+ A 



3H 4 



m 



dyn 



16TT 2 m 2 dyn 



4 2 
a m dyn 



(54) 



We find 



rn 



dyn 



3\H 2 



(55) 



Note that both, the one-loop and the sunset diagram contribute at the same order in A. 
This relation can also be obtained from Schwinger-Dyson equations, in complete analogy 
with Section HJ such that we do not repeat this discussion here. 

We note that the iterative addition of two rungs to the sunset diagram leads to 
additional ladder diagrams as indicated in Figure [3] (C). Each such insertion is suppressed 
by a factor of A 2 from the new vertices, but it is also enhanced by a factor of A 2 from 
the IR-enhanced contributions of the four new propagators, which are ~ 1/ \f~\ each. 
However, these ladder diagrams are not part of the proper self-energy. This is most 
easily seen from the definition f fT6|) . The diagram contributing to T 2 , which gives rise to 
the sunset contribution to II, is 2PI, whereas the vacuum ladder diagrams are two-particle 
reducible and therefore not part of T 2 . We therefore conclude that the ladder diagrams 
are readily resummed within the self-consistency relation ( 155]) (along with super ladders 
arising from ladder insertions into internal lines). 

By this counting argument, according to which each vertex contributes a factor A 
and each propagator a factor 1 / V% the diagrams in Figure [4] might be expected to 
contribute to the self-consistency relation that determines md yn at the leading (negative) 
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(A) (B) 

Figure 4: Diagram (A) contributes at NLO in the 1/N expansion, diagram (B) at 
NNLO. However, the IR-enhanced contributions from these diagrams are suppressed in 
the expansion in m 2 dyn /H 2 . 



order in m^ yn /if 2 as well, cf. e.g. Ref. 15|. When the value of the propagator is non- 



perturbatively large, one can consider a theory with an O(N) symmetric field 4>(x) and 
perform a 1/N expansion (l6l . 17 1. In this situation, the seagull graph of Figure [T] (A) 
is leading order [LO, 0(1)]. The sunset diagram and an infinite series of diagrams that 
starts with the one in Figure H] (A) contributes at next to leading order [NLO, 0(1/ N)]. 
The diagram of Figure H] (B) is one of infinitely many diagrams that contribute at 
the next-to next-to leading order [NNLO, 0(1/N 2 )]. While it is possible to sum all 
NLO diagrams in such a theory, we notice that this is not necessary in the present 
case, because the diagrams in Figure [4] do not contribute to the retarded self-energy at 
leading (negative) order in m 2 dyn /H 2 : At the leading order in mj yn /if 2 , all except for 
one propagator are IR enhanced. This is because when all propagators are IR enhanced, 
the summation over CTP indices ± (taking account of a factor of ±1 for these vertices 
and of the fact that the IR enhanced term is identical for all four CTP propagators) 
immediately leads to a vanishing result. By the same token, if the remaining non- 
IR-enhanced propagator is not directly connected to the right external vertex of the 
self-energy, the CTP summation again leads to a vanishing contribution to the retarded 
self-energy. Now, if the single non-IR-enhanced propagator is connected to an internal 
vertex and the right external vertex, the identity A ++ + A — A + ~ — A _+ = leads to 
a vanishing contribution to the retarded self-energy. Finally, we consider the case where 
the non-IR-enhanced propagator connects to both external vertices. If there are internal 
vertices, the CTP sum leads to a vanishing term again. Only in the case of the sunset 
diagram, where there are no internal vertices, a non-vanishing contribution remains. 



6 Discussion and Conclusions 

In this work, we have calculated retarded self-energies for scalar fields with quartic 
and trilinear interactions at leading order in the IR enhancement. One of the main 
results is Eq. ( 1551) . which can be interpreted as the effective self-consistent mass that a 
scalar field with quartic self-interaction acquires in a steady-state de Sitter space. Self 
consistent masses during inflation have been determined earlier in Refs. [sJ-lTJ- in the 
present paper, we have used the propagator (J7J), which has been proposed in Ref. [i| and 
which perhaps leads to simplifications when compared to earlier treatments. Moreover, 
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we have determined the effective self-mass for self-energies, that are non-local, i.e. for 
the triscalar interaction and for the sunset diagram. For this purpose, we have made a 
plane- wave ansatz in a steady-state de Sitter background (|22f29|) . which allows to reduce 
the effective equations of motion for the propagator and for the one-point function to 
a local form, cf. Eqs. (I37|I42|I44||4T)|) . In turn, this implies that provided the system is 
not in a steady state [substantial deviations from de Sitter and/or deviations from the 
plane wave form ( I2"2"f2"9]) for the scalar field], there remain in principle still non-local 
terms in the form of memory integrals. In contrast, the self-energy from the seagull 
diagram (1201) is always manifestly local. This perhaps explains differences between the 
cases of a quartic and a trilinear self-interaction, that have been observed in Ref. j3| 
when using functional renormalisation group methods. 

The approximation strategies employed in the present work appear related to those 
of Ref. jsf for a scalar field on a four-dimensional sphere. Because the sphere is compact, 
there is a discrete zero mode. The leading self-consistent propagator is obtained when 
including the loop effects of the zero mode (including its own self- interactions), while 
neglecting the loop effects of the remaining modes. Here, we extract the leading con- 
tributions from the IR enhanced term 3if 4 /87r 2 m 2 (which may be mapped to the zero 
mode on the sphere) within the loop diagrams. While both approaches appear to be 
very similar, there is still a difference in the numerical coefficient of md yn . It would be 
interesting to resolve the origin of this discrepancy. 

We briefly estimate whether the self-regulatory mass is sufficient to bar large IR effects 
on (A/4!)0 4 inflation. From Eq. (155]) . we immediately see that the dynamical mass is 
too small to change the phenomenology of this model of inflation, because A ~ 10~ 14 
and consequently md yn <C H by orders of magnitude. Using Eqs. ([7]) and f )55|) . we can 
estimate the IR enhanced term [the third term on the right hand side of Eq. ([7])] as 

(A.-^. (») 

Since H = v /8^73^(A/4!)0 4 /mp 1 and ((f)) = O(mpi) during inflation, the IR enhanced 
term (156]) is ~ y/Xm^, which is much smaller than (0) 2 . Finally, it is interesting to notice 
that if we suppose (0 2 )ir ~ initially and that it subsequently grows as [if 2 /(87r 2 )]iV e 
(as may be motivated from Refs. [H-il]) it takes N e ~ 2y/Qir/y/\ e-folds before saturating 
to the value ( )56|) . We emphasize that these are rough estimates in particular due to the 
fact that the self-mass ( [55]) only applies to a steady state, while here we have discussed 
properties of an evolving system. Sizeable effects from the IR enhancement may yet be 
expected in some multi-field models of inflation or small field models with a large number 
of e-folds. 

In conclusion, the present work shows that there is a self-regulatory dynamical mass 
for <p A theory in de Sitter which suppresses the IR enhanced terms. The only leading 
IR enhanced contributions to the retarded self-energy originate from the seagull and the 
sunset diagrams and can be calculated in a self-consistent way. It would be interesting to 
apply the techniques presented here to study some aspects of gravitational interactions 
in de Sitter space as well as cosmological perturbations in slow-roll inflation. 
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